OAHTFIEZ AIAAZKAAIAZ MAOHMATIKQN MPOZANATOAIZMOY " TAZHZ FENIKOY AYKEIOY
A TO ZXOAIKO ETOZ 2022-2023

Ma 1o oXoAkod €tog 2022-23 n VAN Twv Mabnuatikwv NpoocavatoAlopol tng I
Aukelou mepllapPBavel tn Bepatiky tng AvaAuong tng omoiag n SidaokoAia
kataAapPBavel 6 wpeg tnv efdopdda. O SlatiBépeveg wpec Stdaokaiag eEMLTpENouV
TNV UTIOOTAPLEN YVWOTIKWVY Kot SLOAKTIKWY O0TOXWV. M0 CUYKEKPLUEVAL:

a) tnv ocuvdeon tnc Avaluong pe ebapuoyEG Kat TpoBAnpata mou oxetilovtal pe TtV
TPAYUATIKOTNTAL.

B) tnv umooTAPLEN TNG LEYAANC TTAELOVOTNTAG TWV LABNTWV/-TPLWV OTO VO EUMAAKOUV
pe ta MaBnuatikd aveEdptnta amo tn LEXPL Twpa Lobnolakr) mopeia Toud.

H petatomnion tng StbaokaAiag mpog Tig Stadikaoieg emiluong mpoPAnpatoc pwnopset
va TIPOOPEPEL LLAL ETILITAEOV VONUATOSOTNON TWV OXETIKWY EVVOLWV Kol SLaSLIKACLWV.
Mo TNV eumAoKn Twv Hadntwv/-tplwv oe dtadlkacieg pabnuatiking povieAomnoinong
Kal emiluong mMPoBARUATOG KPIVETOL OKOTILUN KaTapXAg N aflomoinon mpofAnuatwy
oo to uTtapyxov S16AKTKO UALKO (818akTiko BLBALo, UAKO kat BLBAla avapTnuéva oto
http://ebooks.edu.gr). Exet (Slaitepn onuoocia katd tn Slampaypdtevuon Ttwv

MPOBANUATWY VO TIOPEXETAL EMAPKNG XPOVOG OTOUC HaBNTEC/-NTPleG Kal va
QVTLUETWTTI{OVTAL TUXOV YVWOTIKEG EAAEPELG.

H OoVTIUETWIION YVWOTIKWY eAAelPewv 0plopévwy padntwv/-nTplwv Umopel va
yivetal pe tnv avadelfn evéopabnuatikwyv ouvOECEwWV evvolwv Kol Sladlkaolwy
KaOwg Kol TNV avakAnon TPonyoUUEVWY YVWOEWYV. AUTA OOTEAOUV GNUOVTLKEG
guKalpieg adevoc emavacuvdeonc LaBNTwV/-NTPLWV TTou KIVEUVEUOUV va XAOOUV TNV
enadn pe ta Mabnuatika kat adetépou Babutepng Katavonong yla OAoug. TETOLEG
TapePPACELG pmopoUV va yivovtal Katd tnv Kpion tou/tng dtddokovta/-ovoag, eite
w¢ Beswpntikn oulAtnon (oTI apxLkeEG Tapaypddous cuvapTHoEWY, Hovotoviag,
OKPOTATWV K.0.), €ite WG mapepBoAn Twv avaykaiwv BewpnTikwy oToXELWY yla pLa

aoknon.
EAdylotog EAdyiotog EAdyiotog
Napaypadog | apBpuog | Napaypadog | apOpog | Mapdaypadog | aplOudg
wpwv wpwv wpwv
1.1 3 2.1 8 3.1 4
1.2 10 2.2 4 3.4 5
1.3 10 2.3 5 3.5 7
1.4 3 2.4 5 3.7 10
1.5 6 2.5 4
1.6 4 2.6 7
1.7 4 2.7 12
1.8 12 2.8 4



http://ebooks.edu.gr/

2.9 4
2.10 5

KedaAawo 1o
81.1

To mepLeXOUEVO TNG Tapaypadou auTnC ival onueio avadopag yla ta emopeva. OL
TIEPLOOOTEPEG ATO TI( EVVOLEG TIOU TEPLEXOVTAL €lval ASN YVWOTEG OTOUG/OTLC
Halntég/-ntpleg. N’ auto n Sibaokahia Sev mMpPEMeL va otoxeVeL otnv €€ UMAPXAG
OVAAUTIKI TTAPOUCLAON YVWOTWV gvvolwv, aAAd oto va Sivel “adopuéc” otouc/oTig
HaONTEG/-NTPLEG va avatpExouv ota PBLBAla Twv mMponyoUUEVWY TAEEWV Kol va
enavad€PouV 0T UVAN TOUG YVWOTEG EVVOLECG KOL TIPOTACELG TTOU Ba TIG XPELACTOUV
OTa EMOMEVA.

§1.2

Mpoteivetal va 600el éudacn o mpoPARUATA HAONUATIKAG HOVTEAOTOINONG ME
KOTOLOKEUN OUVAPTNONG TIOU TIEPLYPAPEL Eva paLVOUEVO 1 Hia KaTdoTaon, OTwE yla
napadelypa oL aoknoeLg 5 tng A’ opadag kat 2, 3 kat 4 tng B opadac.

H di8aokaAia tng mapaypddou auTAG elval pia eukapia avakAnong/cupmAnpwaong
TIPONYOUUEVWVY YVWOEWV OTTO OLKELEC CUVAPTHOELG (TPLYWVOUETPLKEC TTIOAUWVUULKEG,
€KOETIKEG, AOYOpPLOUIKEG, K.O.) KOL TWV QVTIOTOXWV €ELOWOEWV KOl OVIOWOEWV.
ErumA€ov, YEWUETPLKEG EVVOLEC KAl OXEDELS lval XprioLluo va culntouvtal pe adopun
OXETKA TtpoBANHaTa.

H évvola tng ouvaptnong eival apeca cuvdedepévn pe tn ypadiki TnG mopdaotacn
Kall n oUv&eon auTr) MPEMEL va avadelKVUETAL 0 KABE eukalpia, S10TLumootnpileL tnv
KATAVONGON TWV XOPAKTNPLOTIKWY TNG CUVAPTNONG.

Elval onpavtiko va emonpavOel 0Tl pmopel To yvopevo SU0 cuVapTACEWV va elval n
otaBepn ouvaptnon undév xwpic kapia amod g dVo va gival lon Pe TNV cuvaptnon

undév. Eva katdaAAnAo mopddelypa amoteAoUV Ol CUVAPTHOELG f(X)=X+|X| Kol

g (X) =X- |X| TWV OMOolWV CUVLOTATAL VO YIVEL KOL N YpadLKH TapAoTaoT).

Emiong, va emonuavOel OTL amd tov Oplopd TNG CUVAPTNONG TPOKUTITEL OTL OV
X, X, € D; kat x, =X, woxvet ndvta f (Xl) =f (Xz) . To avtiotpodo opwg dev LoyvEL
navta (LoxVeL povo otav n cuvaptnon elvat Eéva mpog éva, onwg Ba davel oe emopevn
napaypado).

ErmumAéov, eival xpriotpo va oculntnBel 0Tl 0 0pLOUOG TNG LOOTNTAC CUVAPTACEWV SEV
umopel va umokataotabeil pe Tov «Avo cuvaptnoelg f kal g Aéyovtal loeg otav €xouv
1o (610 ebio oplopoU Kal Tov 6Lo TUToY. Katapxdc, S&v €xouv OAEG OL CUVAPTIOELG



TUTo. AMNA SU0 cuvopTnoEeLG e SLOPOPETIKO TUTIO UTTOPEL va Elval (OEC, OMWC yLa

napdSelypa ot oplopéveg oto R ouvaptioelg f(X)=1 kau g(X)=nu’x+ovv’X.

§1.3

Ma tnv avayvwplon Twv L8LoTATWV TN¢ HOVOTOVIOG KOl TOU «Eva TIPOC £va» HLOC
ouvVAPTNONG ElvVOL ONUAVTIKO va aflomotnbolv ol ypadlKEC MOPAOTACELS. Mo ToV
OKOTIO OUTO MImopoUV va oaflomolnBouv oL ypadLKEG TTAPAOTACELC TwWV BACIKWV
CUVAPTACEWV TNG TPONYOoUUEVNG Ttapaypdadou.

Na SleukpLVLoTEL 0TOUG/OTIC LOBNTEG/-ATPLEC OTL yLOL TNV EMIAUGH ALCKAOEWV UTTOPOUV
Va XPNOLUOTIOLOUVTAL, OVATIOSELKTA, OL TIPOTACELG :

i) Av n ouvaptnon f eivalyvnoiwgavéovoa oe éva dtaotnua A, TOTE yLa omoladAmoTe
X, %, € A oxVeLn ovveraywyr : (%)< f (%)= X <X,.
ii) Av n ouvaptnon f elvat yvnoiwg ¢Bivouca oe éva Sidotnua A, TOTE yla

OTOLASATOTE X, X, € A toxVeL n ouvemaywyA: T (X )< T (X,)= x> X,.

Mo AOyoug SL8OKTLKOUC UMOPEL VA TTAPOUCLACTEL OTNV TAEN N AMOSELEN QUTWV TWV
TIPOTACEWV:

i) Eotw OTL UTdpXoUV X, X, €A, yla ta onola oxUeL n untdBeon kot Sev LOXVEL TO
CUUMEPAOA TNEG CUVETTAYWYNG. Tote Ba LoyVEL:
f(x)<f(x) ko X=X,
e AvAtavx >X,, enedin f eivatl yvnoiwg avéouoa, Ba ioxue f (Xl) > f (Xz), TIou
QVTIKELTAL OTNV UTIOBEON.
o Avitav X =X,, and Tov oplops TG cuvdptnong, Ba toxue: f(x )= f(X,), mou
avTiKeLTal KoL autod otnv untoBeon.
Enopévwg, Loxvel to {nTtouEvO.

ii) Avtiotoln pe tnvi.
§1.4

Me 6edopévo OTL O TUTILKOG OPLOKOG Tou opiou dev cupmeplAapfavetal otnv UAn,
xpelaletal va 600l Bapog¢ otn SlaloOntikn Pooéyylon TG €vvolog Tou opiou.
AnAadn, va yivel mpoomdBela, pEéoa amo YpadIKEC TIAPOOTACEL, KATAAANAWV
OUVOAPTACEWVY, VO OJOKTHOOUV Ol MOBONTEG/-ATPLEC HLla KAAR ElKOVA Kal va
arnodevxBouv mapavonoelg, mou amd TN BLPAloypadia €xel mpokLYPEL OTL
Snuloupyouvtal cuxva oTouG/oTig HadnTeg/-NTpLeg, yla Tnv €vvola tou opiou. Na
Toviotel WoLaitepa, péoa amo KATAAANAEC YpadIKEC TTAPAOTACELC, OTL N CUUTIEPLPOPA
TNG OUVAPTNONG OTO ONHELo X, SeV eMNPEAleL TO OPLO TNG OTAV TO X TELVEL OTO X,




kaBwg kat ott n TR tou lim f(X) «kaBopiletal, amd TG THEG TTOU TALPVEL N
X—=>Xp

OuUVAPTNON KOVTA 0TO X,. AnAadn, SU0 CUVAPTAGCELG TTOU EXOUV TLG (OLEG TILEG OF €val
dlaotnpa yupw amo to X, aAla propei va dtapEpouv oto X, (maipvouv SLadopeTikeg
TWMEG N N HLa opiletal kat n AAAn Sev opiletal ) kapia Sev opiletal) £xouv To 1610 6pLo
otav 1o X Teiveloto X,. Na Toviotel, emiong, 6tLn Umapén tou opiou Sev cuvemdyeTal

HovOoToVvia, KATL TIou Omwc TpokUTTel amd tn PBiBAloypadia eival ocuvnOiopévn
napavonon twv podntwv/-nTplwyv, oUTE OUWE KOL TOTIKA Hovotovia Segfld Kot
aploTePA ToU X,, SnAadn povotovia oe eva SLACTNUA APLOTEPA TOU X, KAl OE Eval

duaotnpa Se€Ld Tou X, . Mo Tov oKomo auto pmopel va xpnotpononBolv ypadikeg

TIOPOOTACEL] KATAANAWY ouvaptrioswyv, mou Ba oxedlaotouv pe tn PBonbela

1
AoylopikoU, onwg yia mapddeypan f(X)=x-ngu— (Ixqua 1).
X

|
Fix)y=x-myu
X

IxNnual

Eniong, emeldr moAhoi/-£¢ pabntég/-ntpleg Bewpoulv OtTL dtav €va 0plo Sev UTAPXEL
T TMAEUPLKA Opla UTIAPYOUV Kal eival Sdtadopetikd, va 60000V ypadlkd kot va
oulntnBolv mapadeiypata mMou Oev UMAPXOUV T TAEUPLKA Opla, OTMWE yla

. 1 ,
napadeypon f(x)= e (Zxfuo 2).

.I...ll




§1.5

ITnv evotnTa oUTH SEV £XEL VONUOL L0t AOKOTIN QLOKNGLOAOYia TTou oL HaBnNTEG/-ATPLEG
umoAoyilouv OpLa, kavovtag xprion aiyeBpikwy SeflotAtwy. ZTn AUCN TWV 0LOKNCEWV
va {nteital and toug/tig pabntég/-nTpLeg va tovilouv TIG IOLOTNTEG TWV opilwv Tou
XPNOLLOTIOLOUV, WOTE OL AOKNAOEL QLUTEG VO ATTOKTOUV OUGCLOOTIKO TIEPLEXOUEVO ATIO
mAgupag¢ Avaluong, katt mou Ba BonBrnoel otnv avamtuén tng Katavonong omo
TOUG/TIC LaBNTEG/-NTPLEG TNG £vvolag TOu opiou. MNa mapAaSeLlypa, O EPWTHOELG OTIWG

4

«va PBpebel 10 Iirrzl » (@oknon 3i, A" opadag) eivatl xpriowo va Inteitot ano
X—

TOUG/TIC  HaBNTEC/-NTPLEC VA OLTLOAOYAOOUV TIOLEG  LOLOTNTEG TWV  Oplwv
Xpnolpomnolovvtal ota evllapeoa otadla PEXPL TOV TEAKO UTIOAOYLOUO, va

x* -16 (x> +4)-(x+2)
KOl X) =
x* -8 909 X° +2X+4

adou Samiotwoouv OtL Sev elval togg, va dikaloloynoouv ylati €xouv loa opla.

npoPfAnuatiotouv av ot f(x)= elval o kay,

Emiong, oe aoknoelg Oomou n ouvaptnon opiletal pe Stadopetikd TUMO o SUo
ouvexoueva SlaoctApota, Onwg T.X. N Aacknon 5 tng A’ Oupddag, va Inteitat
attioAoynon vywoti oto onueio allayng tou TUTOU E(HOOTE UTOXPEWMEVOL va
€AEYXOUUE T TTAEUPLKA OpLa, EVW OTA AAAQ onpeia TOu TTESIOU OPLOUOU UTTOPOULE Val
BpoUpe TO OpLO XPNOLUOTIOLWVTOG TOV avtiotolyo Tumo. AnAadn, va gaivetal otL oL
HaONTEG/-NTPLEG KaTavooUV OTL To Oplo Kabopiletol amod T TIHEG TNG oUVAPTNONG
KOVTA O0TO X, Kal EKATEPWOEV autol. AUTO UaG ETULTPEMEL oTa onpeia Ta SLadopeTIKA
amo 10 X, VA XPNOLUOTIOLOUE TOV £VA TUTIO, EVW OTO X, TIPETIEL VOl TIAPOULE TTAEUPLKAL

opla.
§1.6

Mpoteivetal va §00el Bapo¢ otn Slalobntikr MPooEyyLon NG €vvolag PE TN XprRon
YPADIKWV apaoTacewV. EKTog anod ta mapadeiypata tou BLBAiov va §o0Bolv, péoa
oo KATAANAEC ypadlkEC mapaotdoelg, mou Ba oxedlaotolv pe T Bonbeswa

Aoylopikou, mapadeiypata omou 1o 0plo dev lval menepacpuévo aAAd Sev UTtApPXEL
, . .1 1 . . ,
povotovia, Onwc TuX. Ilrrol—z-Ln,u—+2J (Zxnua 3), wote va amnodevxBel n
X—> X X

TapovOnNcn TOU OUVOEEL TNV UMapén Un TEMEPOCUEVOU OPioU OTO X, ME TN

govotovia.



§1.7

Mpoteivetal va 600¢el Bapog otn StaodnTIkA mpoacgyylon tng €vvolag. Na 6060uv,
HEoa amO KATAAANAEG YpOPLKEG TOPOOTACEL, TOPASELYUOTA CUVOPTHOEWV TWV
omolwv To 0plo, OTAV TO X TELVEL OTO +°°, UTIAPXEL AAAA OL CUVOPTHOELS QUTEG Sev

X
glval povotoveg, onwg sivat ywa mapdadeyua n f(x) _ I (ZxAua 4), kabwc Kat
X

OUVOPTHOEWV TWV OTOLWV TO 0pLo eV UTTAPXEL, OTAV TO X TELVEL OTO +o°, OMWG lvat

yla opadewypa n f(x)=nux.

i | i
[ IR ¥
X 1 L
Ll =
i1
Ixnua 4



. . .1 .1
Taopta: lim x”, lim x", lim — kot lim — va cuntnBolv e t xprion ypadkwy

X—>+00 X—>—00 X—+0 X X——0 ¥

TIAPACTACEWV, TIoU Ba oxedLaotouV Ue tn BoriBela AoyLoUKOU, KO TILVAKWYV TLLWV, LE
0TOX0 va avTiAndBoUV SLaleBnTikd oL pabnTég/-ATPLEG oL elval Ta OpLo AUTA.

H teleutala mapaypadog, menepaopévo 0plo akoAouBiag, va oulntndel yiati Ba
XPELAOTEL YLOL TO OPLOEVO OAOKANPWHAL.

Na 600¢el otoug/oTIg LaBNTEG/-ATPLEG N SUVATOTNTA VO XPNOLUOTIOLOUVY, avarOSeLKTa,
TLG TTAPOKATW TIPOTACELG OL OToleG SeV UTLAPXOUV 0TO OXOALKO BLBALO :

Eotw f,g 6V0 CUVOPTACELG TTOU Eiva OPLOHEVEG KOVTA OTO X, € R U {—0,+ 0}
i) Av Loxvouv:
a) f(X)<g(x) kovta oto x, Kat

B) lim f(X) =+oo,

X=X,

To1e B LoyVEeL KaL lim g(X) = +o.

ii) Av Loxvouv:
a) f(x)<g(x) kovtd oto X, kat

B) i g ==,

1otE B LoxVeL kat lim f (x) = —o0

X=Xy

H mapoucioon Twv mapandvw TPOTACEWV UMOPEL va yivel dtalodntikd pe tnv
BonBela KATAAANAWY YpadIKWV MAPACTACEWV

§1.8

TNV mMPWTn evotNTa (0PLOUOG TNG CUVEXELOG) €lval onuavtikd va culntnBouv Kal
ypodlka mapadelypata cuvexwv ouvaptrnoewv He Tedlo oplopol évwon EEvwv

1

Slaotnuatwy, onwg eivat yla mapddetypa ot cuvaptioelg f(X)== (IxAua 5) kat
X

g(x) =vx* =1 (IxAua 6). Na oulntnBei yLoTi To ypdidbnua TWV CUVAPTHCEWV AUTWVY

Slakomretal, mapolo mou eivat cuvexeic. Na 606oUv otoug/oTIc HaBnTég/-NTPLEG Kal
OXETLKEG OLOKINOELG.




IxNnua 6

Emiong, kata tn SibaokaAia Twv Bewpnudtwv Bolzano, evllAPEOWV TWWWV KoL
HEYLOTNG Kal €AAXLOTNG TIUNG, KABWC Kal Tng mpotaong OTL N CUVEXNG ELKOVA
Staotiuatog eivat diaotnua, va doBel éudaon kat va oulntnBolv oL ypadikEC
TIAPACTACELG TIOU 0lKOAOUBOUV TIG TUTILKEG SLATUTIWOEL AUTWY, WOTE oL Hadntég/-
AtpLlec va BonBnBouv oTNV OUGCLAOTIKI) KOTOVONGT TOUG.

To Bswpnua Bolzano eival To MPWTO OUCLACTIKA Bewpnua TTOU CUVAVIOUV OL
Habntég/-ntpleg otnv Avaiuon. Mo auto elval KaAo va yivel pla culitnon mou va
adopa TNV avayKaloTnTa TwV UTI0BECEWV TOU BEWPAUATOC AVAAOYN UE TO OXOALO TOU
BewpAUaTOC TWV eVOLAPESWY TIHWV. Emtiong Ba mpémel va tovioBel otL Sev LoxVEL TO
avtiotpodo. AnAadn evOEXETOL OL TIHMEC HLOC CUVAPTNONG OTA AKPA €VOC KAELOTOU
Slaotiuatog [, f] tou nediou oplopou TnG va €xouv to i6Lo mpdonpo, n cuvdptnon
va unv givat cuvexng oto [«, B] kot 6pwg va maipvel Tnv TpR 0 o €V ECWTEPLKO

onpeio tou [«, f].



Ateukpuviletal 0Tl 0To Bewpnua MPOcSLOPLOUOU TOU GUVOAOU TLUWV CUVAPTNONG TNG
ornolag to nedio oplopou eivat To avolytd didotnpa (a, B), ta o, B pnopel va eivat

KOL LN TIETEPACHEVAL.

Noa toviotel oToug/oTIg HaBNTEG/-ATPLEG OTL yLa TNV EMIAUCON QOKNOEWV UTOPEL va
Xpnolpomoleital, avamnodeikta, n mpotaon:

Av pia ocuvexng ouvapTnon OPLOUEVN OE €va OVOLKTO Slaotnua (0'1,02) EXEL TNV

womta lim f(x)=—o0, lim f (x)=-+oo 161 T0 GOVOAO TLUGV TNG EivaL TO ™ .

X—0y X—0y

Ma Adyoug S18aKTIKOUC UMopEL va TapouoLaoTel otnv taén n anodeién:
Apkeil va deioupe OTL KABE TpayaTKOg aplBuog y eival Tun tng f . Oewpolpe tnv

ouvexi ouvaptnon g(x)=f(x)-y. Eivar limg(x)=-o kat limg(x)=+o.

X0,
Enopévwg Ba umdpxowv X, X, €(0y,0,) wote g(X)<0 ko g(X,)>0. Oa eivar
X, # X, kaL arno 1o Oewpnua tou Bolzanon g Ba €xelL pia pifa X, 0TO AVOLKTO Stactnpa
HE aKkpa X, X, . Oa elvar ¢ (XO) =0 kot enopévwg f (Xo) =Yy 6nhadn o y Ba eivartun
g f.

Kedaharo 2°
§2.1

Elval onuavtiko va 600el éudaon otnv eloaywyn Tng €vvolag LECw Tou TTPOBAALATOC
™G oTypaiag TaxuTnTag Kol te epantopévng. MeTA ToV 0pLOUO TNE TTAPAYwWYoU Kol
™NC epAMTOPEVNG YPADLKAG TTAPACTOONG CUVAPTNONG va oulntnOel avaluTtikotepa n
€vvola tng edpamrtopévng. Emiong, va ob6olv mapadeiypata mou Ba Bonbricouv
ToV/TN MaBntr/-NTPpLa VO AVOKATAOKEUAOEL TNV ELKOVA TNG EQATMTOUEVNG TTIOU E€XEL
amo Tov KUKAO (n edamrtopévn €xeL Eva KOO GNUELO Kal SeV KOBEL TNV KAUTUAN) Kal
VO OXNUOTIOEL YO YEVIKOTEPN ELKOVA yla TNV edamntopévn gubeia. MNa moapadeyua,
npoteivetal va oulntnBouv kot va 60800V otouc/oTig padnteg/-NTpLeg ypadika:

i) H edamntopévn tTng ypadikrg mapdotacng tng cuvdptnong f (X) = x* oto onueio
O, wote va KataAdfouv OTL N €PATTOPEVN HLAC KAUTUANG UIMOpEL va Stamepva
TNV KOUTTUAN Ko

X%, av x<0

i) Hedpamntopévn tng ypadikig napdotaonc tng ouvaptnong g(x) =
0, av x>0

oto onuelo O, wote va kataAdfouv OTL pa nuLeuBeia TG epamTtopévng HLag
KOUTTUANG UITOPEL VO CUMTTLTITEL PE €Val TUAMA TNG KOUMTUANG KAl EMUTAEOV OTL N
epantopévn pLag euBeiag oe KABe onuelo TNG CUUTLTTTEL LE TNV eVBeia.




§2.2

Xpelaletal va nipooexOei dlaitepa to Opa TnG KAtavonong amnod Toug/Tic padnteg/-
f(x+h)—f(x
( P)l (X) IOV

ATPLEC TWV POAwV Tou h kat tou x otnv ékdppaon f'(X)= ng

xpnolpormoleitat  oto  PAio yia TOV  UTMOAOYLOMO TNG TAPOYWYOU  TWV
TPLYWVOUETPIKWV ocuvaptrioswyv. Na toviotel n Stadopd moapaywyou o onueio Kot
TIAPOYWYOU CUVAPTNONG.

§2.3

Xpetaletal va 600el Bapog otnv mapaywylon cUVOETNC cuvaptnong Kabwg Kat atnv

dy

TIAPATAPNON OXETLKA LE TO OTL TO cUPBOAO dx bev elval mnAiko.
X

Ztnv Aupévn edbapuoyn 2, va tovioTtel 6t n e€lowon tng eubeiag mou BpEOnke pe Bdaon
TOV QVOAUTIKO 0pLopO TG edamTopévng elval (dla Pe auTr) mou yvwpeil{oupe amo thv
QVAAUTIKN YEwHETpla. AuTO yla va otabepomotnBei otoug/otig padntec/-NTpLec n
avtiAnyn oOtL n évvola TNG €PAMTOPEVNG TIOU TPOYMOTEUOVTIAL OTNV avAAuon
OUVOEETAL KL EMEKTEIVEL TNV EVvoLa TNG EPATITOUEVNC TIOU YVWPLOAV OTH YEWUETPLA.

§2.4

H évvola tou puBpou petaBoAng eivat onpavtikn Kat Seixvel tn onupacia tng évvolag
NG MOPAYWYOU OTLC EPapUOYEC. Mol Tov AOyo QUTO £ival onUAVTIKO oL padntég/-
ATPLEC VO KATALVO)GOUV TNV £VVOLO LECOL OTTO OPLOUEVEG XPIOLUEC EGAPLIOVEC.

§2.5

Elval onuoavtikd va 600l Epudoaon otn YEWUETPLKA EpUNVELa TwV Oewpnudatwy Rolle
kat Méong Twng mou umdpxelt oto oXoAlkd BBAio petda t Satimwon Twv
BeWpPNUATWY AUTWV.

Itnv Aupévn edapuoyn 3 va yivel oulntnon ywa to TUL ekdpdlel TO TnAiko
S(2,5)-S(0)
2,5

ATPLEG OTL AUTO TIOU amodeLKVUETAL elval OTL KATA TN SLAPKELA TNG Kivnong umdpxeL

(L€on TaxVTNTA TNG Klvnong) LE OTOXO VA KATAVONoouV oL pabntec/-

TOUAQXLOTOV HLA XPOVLKA OTLYUA KOTA TV omola n oTwypLaia taxvtnta Ba eival ion pe
TN HEon TaXUTNTA IOV £[XE TO AUTOKivNTO 0 OAN TNV Kivnon.

EvaAhaktika, Ba pmopoloe va culntnBel otnv apxn tou kepalaiou To yeyovog, OtL
Katd tn SLdpKeLa TNG Kivnong €vOG QUTOKLVATOU KATola otypn t¢g dtadpoung n
oTlypLaia TaxVTnTd Tou Ba eival ton pe Tn péon TaxVTNTA Tou (KATL TTou oL pabntég/-
ATPLEC To avTtilapBavovtal SltaloOntika). ITn ouveXeLa, va SLatunwBel N pabnuatikn
ox€on mou ekdpAleL TO YEYOVOG QUTO, KO va TEDEL TO EpWTNUA AV TO CUUTMEPACHA
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UMOpEL va YeVIKEUOEL KaL ylo GANEG CUVOPTHOELS. H amavtnon otnv pwtnon auth
glval to Oswpnua Méong TIUAG.

§2.6

Ztnv apxn t™¢ StdackaAiag autol Tou kedalaiou pmopet va ouvdeBel n povotovia
pag ouvaptnong f oe éva didotnua A tou mediov oplopol NG He TNV Slatnpnon

(%)= T(x)

TOU TIPOCHMOU TOU Adyou HETABOANG oto &ldotnua auto.

XZ
Juykekplpéva, va anodelytetl 6tL n ouvaptnon f eivau
, . . f(x,)—f , .
i) yvnolwg avéouvoa oto 4, av Kot Hovo av M >0, 6nAadn, av kat povo
X; =%
av OAeg oL xopbeg TnG ypadikng mapdotaong tng f oto didotnua A €xouv Betikn
KAlon.
. , . f(x,)—f , .
i) yvnolwg ¢pBivouoa oto 4, av KoL Hovo av M <0, 6nAadn, av kot povo
X, =X
ov OAeg oL xopdécg tng ypadikng mapaoctaong tng f oto Siactnua A €xouv
opvnTLKn KAlon.
Me Tov Tpomo auto Ba cuvdebel n povotovia pe TV mapaywyo kat Ba StkatohoynBet
TO ylatl otnv amodel€n tou BewpAUATOG TNG LOVOTOVIOG XPNOLULOTIOLOUUE TOo Adyo

F0Q) =04

2

HETABOANG

§2.7

Ta poPAnpata peyloTwy — EAaxioTwy amoteAoUV pia amno TLG ONUOVTLKEG EPAPLOYEG
Tou Sladopikol AoyLopou ou SikatoAoyoUv kat anodidouv atia otn Sidaokalia Tou.
ZuyxpOVWE, CUYKEVTPWVOUV OToLXEla amo tn SibaokaAia mponyoUEVWY EVOTATWV
Kall £TOL AIOTEAOUV Mo KON gukatlpio emavaAqPewy Kot cUMMANpwoewv. Kpivetatl
okompo va oulntnBbouv Katd To Suvatov Meplocotepa poBAnuata.

Meta v epappoyn 2 va didaxBel wg edpappoyn n aoknon 3 i) a) tng B Opadag. Q¢
armodeLEn, eKTOG amod ekeivn mou mepléxetat oto BiBAio Avocewy, pumopet va S00el kat
n akoAouBn mou eival Eupeon cuvémnela tng edapuoyng 2.

ZntoUpevo: Na kaBe x eivat € > X+1 kat to «=» LoxVeL poévo yia X=0.

Anodel€n: MNna 6Aoug toug BeTikoUG aplBuoug x Loxvel In X < X —1kat to «=» LloYVEL av
KoL povo av x =1. Emopévwe kot ylo tov Betikd e* woxvel Ine” <e*—1 kat to «=»
LoxVeL povo yia e =1 dnhadn X=0. Enopévwg X <e* —1 kot to «=» LoXVEL HOVO yLa

X=0.Apa € > x+1 katto «=» oxUeL poévo ywa X=0.
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§2.8

YrnevOupiletal ot Ba peAetnOolv HOVO CUVAPTHOELC TIOU €lval Touldxlotov Suo
dOpEC TMAPAYWYICLUEG OTO E0CWTEPLKO TOU Ttediou oplopol toug. lNa tov Adyo auto
bev Ba &LdaxBouv ot acknoelg 3iv kat 3v Tng A’ opddac.

§2.9

MNa po dtoodntik katavonon tou kavova De L' Hospital mpoteivetal, mpwv tn

In x
Statunwon tou, va §00sl otoug/oTIc HadNTEC/-NTPLEC vaL UTTOAOYLOOUV TO IIrql
X X

0
To omoio elvat tng popdng «6». OL paBbntég/-ntpleg¢ Ba Slamotwoouv OTL

SuokoAegvovtal va urtoAoyioouv To 0pLo auTo pe TIG peBddoug mou yvwpilouv pExpL
Twpa. MNa va toug BonBricoupe va umtoAoyiloouv To mopandvw OpLo TIPOTELVOUUE va
600¢el og autol¢ n akoAouBn dpactnplotnTa.

APAJTHPIOTHTA
i) Na nmapaotoete ypadlkd oto (610 cUOTNUA CUVIETOYUEVWY TIG CUVAPTHOELG

f(X)=Inx kot g(x) =1—x°.

i) No anodeifete otL oL epamtopeveg Twv ypadikwyv napactdoswyv twv f kat g oto
Kowd Toug onuelo A(1,0) sivar ou gubeieg e:y=x-1 kot {:y=-2X+2
OVTLOTOLXWC KOl VOl TIG XOPAEETE.

iii) Na KAVETE Xprion TOU YEYOVOTOG OTL KOVTA» OTO X, =1 OL TLHEG TWV CUVOPTHOEWY

f(X) =Inx kat g(X) =1— X mpooeyyilovrat amnd TG TLUES TWV EGATTOUEVWV TOUG

g:y=X-1kat {:y=—2X+2 yla vo KATAANEETE OTO CUUMEPAOHUA OTL KKOVTA»

oto X, =1 n TN Tou nnAikou elval kota pooéyylon (on Ye TV T Tou

1-x?
x-1
ninAikou , 6nAadn oTL «KOVTA» oTo X =1 LoXVEL:
—2X+2
Inx ~x-1 — x-1 1

1-x2 —2x+2 -2(x-1) -2

Tou ival to mNAiko Twv KAloEWV TwV mapandvw euBELWV.

Emopévwg, «kovta» oto X, =1 toxvel E ; 8 10 omoio umd popodn opiou
ypadetal: Ilm ) _ f,(l)
~tg(x)  9'@)
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2XOANI0
H Swamiotwon tou yeyovotog OTL «KOVTA» OTo X, =1 oL TIUEG Twv CUVOPTHOEWY

f(X)=Inx kat g(X)=1—x* mpooeyyilovrar amod TIG TIUEG TWV EPATITTOMEVWY TOUG
y=X-1 kat y=-2X+2 pmopel va yivel kot pe t Porbela evog Suvapikol

Aoylopikou (my. Geogebra), wg €nc:
v Naplotdvoupe ypadikd Tig cuvapthoelc y=InX, y=1—-X* Kol oTn CUVEXELQ
XOPACOOUUE TIG EPATTOUEVEGTOUG Y = X —1 Kal Y =—2X+ 2 avtiotolywg (oxnua

7).
Kavoupe aMemdAAnla ZOOM «kovta oto onueio AL 0). Oa

v Emewaq,
nopatnprioovpe 6t n  y=Inx Ba cuunéoel pe tnv eubela y=x-1, evw n

y=1-x* Ba cupnéoel pe TNV evBeia y =—2X+2 (oxAua 8).

", ym-2xed y-.r—f:f
I R
_,.-1-::-._.,.-"' 3 ..__._.-:____.-' =
/ i b
L s /1/ ; :
-":1 -] 2 3
."II .-’:" ‘l'.
.l'lll ’fll ll':".l
i ._." II
o
' \
11
1




Elval onpavtiko va toviotet ot ol kavoveg De I’ Hospital &ev eival mavta npocdopot
yla Tov umoloylopo opiwv ampoodioplotwv popdwv. ETol, av €XOUUE TO OpLo

2
. X +1 , . . .
lim KOL ETUIXEPNOOUUE vo €POapPUOCOUUE TOV Kavova Bplokoupe
X—>+00 X
’ "
2 2
( x+1) X ( x+1) _/X2+1

= Ko = 6nAadny emotpédoupe ekel Tou

O C

opxloape xwpic va PBpoUpe TO Oplo. Xwpic TOV Kavova Pplokoupe:

1 1
N || /1+? X /1+?
im ——=Ilm ——=lim————=1
X X

X—>+00 X X—>+00 X—>+0

Eniong, va tovioTtel OTL EVOEXETAL L CUVAPTNON VO TEUVEL Pl TIAGyLa 1} opllovTia
ool unTwWTA TNG. Q¢ mapadelypa pnopet va §oBel (suktaio va 600¢t kal to ypadnua)

1

n ouvvdptnon f(X)=Xx+nu— mou éxeL acvumtwtn tTnv Y =X n onoia TéUVeL TNV
X

ypadLkr mapdotacn o€ ANELpA onuela.

§2.10

H ypadikn mapdotaon JLoG cuvaptnong elval pia mePLEKTLKNA Lopd avamapaotaong
TIOU TAPEXEL TTANPOPOPLEC YL TN CUVAPTNON UE AUETO KAl EUANTITO TPOTIO. ZUYXPOVWE
n Sladikaocia peAétng kol xapaéng tng Ponbael otnv eumédwon Kal evomoinon
TMPONYOUUEVWY YVWOEWV. TNV Tepimtwon mou n ouvaptnon ekdpadalel €va
dawopevo, n ypadlkn mapdotacr) TNG TPOOPEPEL EMUTALOV KOTOVONGCN TOU
dawopévou. MNa Tov AOYyo aUTO MPOTELVETAL N XApan TG ypadlkng mapAoTacnC
OUVAPTACEWV TIOU HeEAETNONKav o€ TpoPfAnuaTa mponyoUpevVwy mapaypddwv (r.x.
otnv 2.7).

KedaAaro 3°
§3.1

Elval onuavtikd va 600t éudaon ota mpoBARUATA TTOU SLOTUTIWVOVTAL OTO OXOALKO
BBAlo otnv apxn TNG €vOTNTOG KAl va TOVIOTEL n onuaocio tng avtiotpodng
Stadikaciag tng mapaywylons. Oa ntav kalo va culntnbouv dte€odika opLlopéva amod
auta ) aAa avaioya, woTe va TPoKUEL N onUAcio TNG apXLKG CUVAPTNONG.

Na oulntnBel povo n mpwtn mapaypadoc mov adopd oTNV MAPAYOUCA CUVAPTNON.
To o0aobploto OAOKANpwWHA TOPAAEIMETOL KAl OvIlL TOU Tvaka aoOpPLOTWV
OAOKANpWHATWY va 500€l 0 TAPOAKATW TIVAKAC TWV TOPAYOUCWV UEPLKWY BACIKWV
OUVAPTACEWV.
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A/A Zuvaptnon Napdyouosg

1 f(x)=0 G(x)=c, ce”™
2 f(x)=1 G(X)=x+c, ce”
1
3 f(x)== G(x)=In|x|+c, ce
X
Xa+1
4 f(x)=x“ G(x)= +C, ce”
a+l
5 f (X) = ovvX G(X)=nux+c, ce”
6 f(X) =nux G(X) =—ovvXx+c, ce™
7 f(x)= 5 G(X)=¢epx+c, ce™
oV X
1 .
8 f(x)=— G(X) =—opXx+cC, Ce™
nHX
9 f(x)=¢" G(x)=e"+c, ce”
10 f(x)=a" G()=Z ¢, ce”
Ina

Znueiwon:
Ot TumoL Tou mivaka autoU LoYUoUV o€ K€ SldoTnua oTo Omoio Ol MOPAOTACELC TOU
X TTou gu@avilovtal EYouv vonua.

OL 800 L8LOTNTEG TWV 0OPLOTWY OAOKANPWHATWY OTO TEAOG TNG MapaypAadou HUrnopouyv
va avadlatuniwBouv we €nc:

Av oL ouvaptioelg F kat G eival mapdyouvoeg twv f kat g avrtiotoiywg kat o A
elval évag mpayuatikog aplbuog, tote:
i) H ouvdptnon F +G elval pla mapdyouca tng ouvdaptnong f +g kat

ii) H ouvaptnon AF elvat pla mapayovoa tng cuvdaptnong Af .

Ol epapUOYEC KAl OL AOKINOELG VAL YIVOUV HE TN XPrNON TWV aPXLKWV CUVAPTACEWV.
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§3.4

To mpwTto HEPOG OV adopd OTOV UTIOAOYLOUO Tou epPBadou mapaBolikol xwpiou
XPELAETAL VA YIVEL PE TPOTIO TIOU va avadelkvUEL TNV aflomoinon Twv abpolopdtwy
KL TNG OPLOKNC SLadlkaoiag yla TNV EUPECH — UTIOAOYLOUO TOU eUPBadou. Itn CUVEXELa
elval onuavtikd va yivel SlaoBnTiky TPOoEyylon NG €VVOLOG TOU OPLOUEVOU
OoAoKANpwHATOG Kal va ouvdeBel pe to euPadodv otav n ocuvaptnon Sev maipvel
OPVNTLKEG TLUEC KOL LE TOV UTIOAOYLOUO ToU TapafBoAikol xwpiou mou mponynonke.
Mpotelvetal va yivet n edpapuoyn tou BBAlou ylwa to oAokAnpwpa otabepng
ouUVAPTNONG KO OL LBLOTNTEG TTOU 0koAouBoUVv.

Na 600ei otoucg/oTig HaBNnTEG/-ATPLEG N SuVOTOTNTA VA XPNOLUOTIOLOUV, avartOSeLKTa,
TIC TTOPAKATW TPOTACELS 0OV TTAPOUCLACTOUV cUVTOUA oL, Ttpodavelg, anodeifelg
TOUG:

«Eotw f kat g Suo ouvexeig cuvaptnoelg oe éva Sldotnua [a, 4].

e Av f(x)=g(x) yakdbe xe[a, ], 16T€ Ba LoYVEL: jﬁ f(x)dx > 'fﬁg (x)dx.
e Ay, eruutAéov, oL cuvaptioelg f kat g dev eival ioeg oto [a, f] (6nAadn, av

undpxel ¢ €la, f], ne (&) = g(<&) ), tote Ba oyveL: If f(x)dx > Lﬁg (x)dx»

§3.5

H gloaywyn tng ocuvaptnong j f (t)dt yivetat yia va armodexBel to OepeMwdeg

Oswpnua Tou OAoKAnpwTtikoU AoylopoU Kot va avadelxBel n olvbeon Tou
AtadopikoV pe tov OAOKANPWTIKO Aoylopd. la tov Adyo auto dev Ba SidayxBouv

edapuoyEc Kal aoKNOELS TTou avadEpovTal 0T cuVAPTNoNn _[ f (t)dt katyevikotepa

otTn ouvaptnon Igm f(t)dt.

8§3.7

Katd tn Sidaokalia tng mapaypddou unopsi va xpelaotei va culntnBolv €vvoleg Kal
SLadLkaoieg amo TG MPONYOUEVEG TALELS, OTIWG ETHAUCN €ELOWOEWV KOL AVIOWOEWV,
OUOTNUATWY, YPADIKEC TAPAOTACELG BACIKWY CUVAPTACEWV.

Fevikéc Mapatnpnoelc:

Ta Bswpripata, oL MTPOTACELS, OL AMOSELEELG KOl OL AOKNOELG TTOU PEPOUV AOTEPIOKO
b€ Sidaokovtal Kot dev e§etalovral.

OL epappoyég kat ta napadsiypata twv BPAiwv dev e§etdlovtal oUte wg Oewpia
0oUTE WG AOKNOELG, LTOPOUV, OWG, VO XpNnoLonotnfolv w¢ MPoTAceL yia th Auon

OOKNOEWV I TNV anodel§n AAAwvV MPOTACEWV.
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E§atpoUvtal and tnv UAN: a) ot epapHOYEG KAL OL LOKNOELG TTOU avapEPOVTaL O
AoyapiBpoug pe Baon Stadopetikn Tou e Kat tou 10 Kot B) oL AOKAOELG TOU OXOALKOU
BBAiou mou avadEpovtal o TUMOUG TPLYWVOUETPLKWV aplOuwv abpoiopatog
YwVwwy, dtadopdg ywviwyv Kot SumAdaoiag ywviag.
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